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Abstract 

In this paper, we show that associated to any coisotropic Cartan geometry 
there is a twisted Courant algebroid. This includes in particular parabolic 
geometries. Using this twisted Courant structure, we give some new results 
about the Cartan curvature and the Weyl structure of a parabolic geometry. 
As more direct applications, we have Lie 2-algebra and 3D AKSZ sigma model 
with background associated to any coisotropic Cartan geometry. 



1 Introduction 

Courant algebroids were introduced in [15J to describe the double of a Lie bialgebroid. 
They were further investigated in recent years, see [I], [3] for examples. Recently, the 
discovery in [13] shows that the generalization of 4— form twisted Courant algebroids 
arises naturally in the Courant sigma model with a Wess-Zumino term. The nature 
of this twist can also be explained by means of canonical functions and twisted QP 
manifolds, see [11]. At the same time, the further generalization of pre-Courant 
algebroids arise naturally in the construction of Courant algebroids (see [21]) and 
were further investigated in [2]. It unifies kinds of twisted Courant algebroids and 
the associated higher structures (see [12], [2D])- 
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On the other hand, Cartan geometry is a common generalization of Riemannian 
geometry, conformal geometry and Klein geometry, which generalizes the linear tan- 
gent spaces of the former to the more general homogeneous spaces of the latter. 
It has been a unifying framework and a powerful tool for the study of conformal, 
projective, CR and related contact structures in differential geometry. Roughly 
speaking, a Cartan geometry is a curved analogon of a homogeneous space twisted 
by a curvature k (see [5], [7]). Coisotropic Cartan geometry is a special case of 
Cartan geometry which includes parabolic geometry. Pre-Courant algebroids were 
introduced in pQ in this context. At the same time, any transitive quadratic Lie al- 
gebroid has a standard cotangent extension to a twisted Courant algebroid([S]), as a 
special example, one has twisted Courant structures from parabolic geometries ( [2]) ■ 

In this paper, we deepen the connection between these two mathematical fields 
by using a more intrinsic way. Further, we can formulate some properties of the 
Cartan curvature and the Weyl structure of a parabolic geometry, because the asso- 
ciated twisted Courant structure includes much information of the original parabolic 
geometry. At the same time, Lie 2-algebras arise naturally as the underlying alge- 
bra structures of (pre-) Courant algebroids ( [H] . [T7] ) . so we can get Lie 2-algebra 
structure from any coisotropic Cartan geometry where the graded space are cotan- 
gent bundle and tractor bundle. Also, one has topological field theories come from 
twisted Courant algebroids ( [T3] ). so it is direct to obtain a 3D AKSZ sigma model 
with background associated to any coisotropic Cartan geometry. This sigma model 
is a generalization of 3D Chern-Simons theory, even if in the case of homogeneous 
space, it is also interesting and remains to be understood. We hope that further in- 
vestigation of this twisted Courant structure and sigma model will give more insight 
into parabolic geometry or coisotropic geometry. 

The paper is organized as follows. In section 2, we recall the definition and con- 
struction of pre-Courant algebroids, the Pontryagin class of a pre-Courant algebroid, 
and the criterions for a pre-Courant algebroid to be a twisted Courant algebroid. In 
section 3, we review some basic knowledge about Cartan geometry. Then we fo- 
cus on coisotropic Cartan geometry and show the twisted Courant algebroid arising 
canonically from it. Using the properties of twisted Courant structures, we derive 
some properties of the Cartan curvature and Weyl structure of a parabolic geom- 
etry. In section 4, we give the Lie 2-algebra and the 3D AKSZ sigma model with 
background associated to any coisotropic Cartan geometry. 
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2 Pre-Courant algebroids 

Definition 2.1. A pre-Courant algebroid consists of a vector bundle E — > M, a 
fiberwise nondegenerate pseudo-metric (-, -)(by help of which we can identify E with 
E*), a bundle map p : E — > TM called the anchor and an M— bilinear bracket 
operation o on T(E) called Dorfman bracket, such that for all f G C°°(M) and 
ei,e 2 ,e 3 G T{E), the following axioms are satisfied: 

(i) p(d oe 2 ) = [p(ei),p(e 2 )]; 

(ii) e 1 oe 1 = ~<9(ei,ei); 

(iii) p(ei) (e 2 , e 3 ) = (ei o e 2 , e 3 ) + (e 2 , e x o e 3 ) , 

where d : C°°(M) — > V{E) is the M— linear map defined by 

(df,e)=p(e)f. 

Following [H], for a pre-Courant algebroid E, the Jacobitor J : T(E) <8> r(i£) (g> 
r(S) — >■ r(S) is defined by 

J {ex, e 2 , e 3 ) = ei o (e 2 o e 3 ) - (e a o e 2 ) o e 3 - e 2 o (e x o e 3 ), Vei, e 2 , e 3 G r(i£), 

and the Pontryagin class V : T{E) x r(£) x T{E) x r(E) C°°(M) is defined 
by 

V{e 1 ,e 2 ,e 3 ,e 4 ) = ( J{e u e 2 , e 3 ), e 4 ) , Vei,e 2 ,e 3 ,e 4 G r(£). 

Theorem 2.2 (|14j). For any pre-Courant algebroid E , we have V G T(A 4 i?) and 
= 0, where T>V is defined by: 

4 

£>P(ei, e 2 , e 3 , e 4 , e 5 ) = ^(-l) J+1 p(e;)CP(ei, • • •, e h ■ ■ •, e 5 )) 

(1) 

+ XX -1 ) l+ ^(( e i ° e i)' e i> ' ' "> ■ ■ ■' e ~i> ' ' ■' e s)- 

i? is said to be a transitive pre-Courant algebroid, if p{E) = TM. In this 
case, (kerp)- 1 is a subbundle of i£, and r((kerp)- L ) is an ideal of T{E) under the 
Dorfman bracket, so we have an induced operation on Y{E/ (ker p) -1 ). A transitive 
twisted Courant algebroid is a transitive pre-Courant algebroid E with a closed 
4-form H such that V = p*H, where V is the Pontryagin class of E, i.e., for every 
ex, e 2 , e 3 G r(i£), we have 

p*{H{p{e 1 ),p{e 2 ),p{e 3 ),p{e 4 )) = (e x o (e 2 o e 3 ) - (ei o e 2 ) o e 3 - e 2 o (e x o e 3 ), e 4 ) . 

(2) 
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If H is zero, we recover the notion of Courant algebroid. We will denote a transitive 
twisted Courant algebroid by (E, (•, •) , o, p, H). As an application of Theorem 12.21 
we have the following criteria for a pre-Courant algebroid to be a twisted Courant 
algebroid. 

Proposition 2.3. Let (E, (•, •) , o, p) be a transitive pre-Courant algebroid and V be 
its Pontryagin class. Then the following statements are equivalent: 

(51) J(ei,e 2 ,e 3 ) G T((kerp)- L ) for every e 1 ,e 2 ,e 3 G T(E); 

(52) J(e, •, •) = 0, for every e G T(ker p); 

(53) (E, (•,•), o, p, H) is a twisted Courant algebroid, where H is uniquely deter- 
mined by V = p*(H); 

(54) E/(ker p) 1 - is a Lie algebroid with the induced operation is skew- symmetric. 

In order to construct a twisted Courant algebroid, we just need to start from a 
pre-Courant algebroid and to test one of the conditions listed in 12.31 On the other 
hand, without the algebra information given by o, a pre-Courant algebroid is just a 
pseudo-Euclidean vector bundle (E, (•, •)) with a bundle map p : E — > TM, such 
that the image of p* : T*M — > E (E identified to E*) is isotropic. Such a triple 
(E, (•, •) ,p) is called Courant vector bundle by Izu Vaisman [21J. Summarizing 
the results in [21], we have the following method to construct pre-Courant algebroids: 

Proposition 2.4. [21] For any Courant vector bundle E, a pair (V, 0) gives a pre- 
Courant algebroid structures on E, where V : 3t(M) x T(E) — > F(E) is a metric 
connection on E, i.e. 



and (3 G T(A 2 E* ® E) satisfying the following properties: 

(a) For any ei, e 2 , G T(E), the map (ei, e 2 , e^) \ — > e 2 ), e^) is totally skew- 

symmetric with respect to the pseudo-metric (•, •), 

(6) p(/3(ei, e 2 )) = [p(ei), p(e 2 )] - p(V p(ei )e 2 - V p(e2) ei). 

Using the pair (V, the pre-Courant algbroid bracket is given by: 

e 1 oe 2 = V p(ei )e 2 - V p(e2) ei + (Ve x , e 2 ) + /3(ei, e 2 ),We 1 , e 2 G T(E), 

where (Vei,e 2 ) is defined by: 



X (ei, e 2 ) = (V x ei, e 2 ) + (e u V x e 2 ) , 



((Ve 1 ,e 2 ) , e) = (V p ( e )ei,e 2 



), WeeT(E). 
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3 Twisted Courant algebroids from coisotropic Car- 
tan geometry and applications 

We will construct a pre-Courant algebroid structure from coisotropic Cartan geome- 
tries. This generalizes the case of parabolic geometry examined by Armstrong [1J. 
Further, We will prove that these pre-Courant algebroids are twisted- Courant alge- 
broids with the help of Proposition 12.31 Finally, we will give some applications in 
parabolic geometry. 

At first, let us recall some basic definitions in Cartan geometry. 

Definition 3.1. Let G be a Lie group with Lie algebra g, P be a subgroup of G with 
Lie algebra p. A Cartan geometry {it : Q — > M,u,G/P) of type {G,P) is given 
by a principal bundle Q — > M with structure group P equipped with a g— valued 
1-form u (the Cartan connection) satisfying the following conditions: 

(a) the map uj p : T P Q — > g is a linear isomorphism for every p G Q; 

(b) R a *oj = Ad(a~ l ) owVaeP, where R a denotes the right action of the element 
a in the structure group P; 

(c) u((a) = A, \fA G p, p is the Lie algebra of P and (a is the fundamental vector 
field on Q generated by A G g. 

The curvature of a Cartan connection is defined as 

k '.= dui -\- -[lu, u]. (3) 

It is a g- valued 2-form k G T(A 2 T£ <g> g). 

For any homogeneous space (G,P), with the left invariant Cartan 1-form oo, 
we see that they satisfy the conditions of Definition 13.11 and the curvature k = 
du + ^[u,u] = (Maurer-Cartan equation). So homogeneous spaces provide flat 
Cartan geometries, and for a Cartan geometry (it : Q — > M, u,G/P), we call the 
corresponding homogeneous space (G, P) its flat model. 

One simple property we will use below is that the curvature is a horizontal form, 
i.e. for £ G r(ker ?r*), we have •) = 0. Moreover, k is equivariant because of the 
equivariance of u. Hence, we can view k as a 2— form on M with values in the vector 
bundle Q x P g (the tractor bundle, see [3]) associated to the adjoint representation 
of P on G. This is to say, we can view k as a function valued in A 2 (g/p)* ® g, i.e. 
KGC°°(£,A 2 ( g /p)*® ). 

Starting from here, we consider parabolic geometry, i.e., Cartan geometry where 
g is semisimple and p is a parabolic subalgebra of g. We know that (see [B]) for 
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a semi-simple Lie algebra g, a parabolic subalgebra p is equivalent to having an 
1 1\— grading of 0: 

= s-i © • • • © 0-1 e Qo © si e • • • e 

where p = O © 01 © ■ ■ ■ © 0/, Qj) C 0;+j and 0_ = 0_; © • • • © 0_i is generated 
by 0-i (0- can be identified with fl/p) and we have the following facts about this 
grading: 

(a) There exists a grading element E G 0o such that [E,A] = iA if and only if 

A G Qi. 

(b) The Killing form B(-, •) defines isomorphisms 0_j = 0* and -B(0j, 0j) =0 for 
all j 7^ — z. 

Now, the curvature of a parabolic geometry could be defined to be the curvature 
function: 

k-.Q — ► A 2 Q*_ © 

p\ — > k p with k p (A,B) = dcj p (uj~ 1 (A),uj~ 1 (B)) + [A, B], A,B G 0. 

Let (tt : Q — > M,u,G/P) be a Cartan geometry, we call it a coisotropic 
Cartan geometry (following [2]), if is a quadratic Lie algebra and p is a coisotropic 
subalgebra of 0. In the case of a complex semisimple Lie algebra 0, p coisotropic 
implies that p is parabolic in (see 0). So in this case a cosiotropic Cartan geometry 
is just a parabolic geometry. But in general, a quadratic Lie algebra may not be a 
semisimple Lie algebra and there exists a coisotropic Cartan geometry which is not 
a parabolic geometry. 

The following theorem provides twisted-Courant algebroids from these rich geo- 
metric models. 

Theorem 3.2. Let (n : Q — > M,u,G/P) be a coisotropic Cartan geometry, then 
there is canonically a twisted Courant algebroid structure on the tractor bundle E = 

To prove this theorem, we need the following well-known result from Cartan 
geometry. 

Lemma 3.3. |3]/ Let (tt : Q — > M, ou,G/P) be a Cartan geometry, then there is a 
canonical Lie algebroid structure on Qx p q, and this Lie algebroid is isomorphic to 
the Atiyah algebroid TQ/P. 

Proof. It is well-known that there is a bijection between sections of Q Xp and 
P— equivariant functions in C oo (^,0). For any e G T{Q x P we denote e the 
P— equivariant function corresponding to e. By the condition (b) in the Definition 
3.1, it is easy to see that w _1 (e) is a P— invariant vector field on Q, and P— invariant 
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vector fields on Q form a Lie subalgebroid under the commutator bracket of vector 
fields (the Atiyah algebroid TQ/P), so there is a natural Lie bracket on T(Q Xpg) 
which is defined by: 

< ex, e 2 >■= wQuT^ei), u~ l (e 2 )]) = V p ( ei) e 2 - V p(e2 )ei - [ex, e 2 ] - rc(ei, e 2 ), 

where ex, e 2 G r(i£), V is the connection on induced by the Cartan connection (see 
[5] for more details), [•, •] is the Lie bracket of vector fields on P and [•, -] is Lie 
bracket on Y{Q Xp g) induced by the pointwise Lie bracket on Y{Q x g). 
On the other hand, we define a bundle map p from Q x p q to TM by 

p(ei) =7r*(w- 1 (el)) J V ei Gr(£x P0 ). 

It is easy to see that p(< ei,e 2 >) = [p(ei), p(e 2 )] for every ei,e 2 £ T((7 Xpg), so 
{G Xp 0, < •, • >, p) is a Lie algebroid over M. ■ 

T/ie proof of Theorem \3.°A The bundle -E = £xpg inherits a bilinear form £?(■, •) 
from the P— invariant bilinear form on Q x g and a Lie algebra bracket [■, -] . So it 
is not hard to see that E is a Courant vector bundle with an anchor p : E — > TM 
given by p = o u^ 1 , where u is the Cartan connection and 7r is the natural 
projection from Q to M. Further, we have ker p = Q Xpp and (ker p) 1 - = Q Xp p- 1 . 

The next step is to choose a pair (V,/3) satisfying the conditions in Proposition 
12.41 Let V be the connection on E induced by the Cartan connection, we know V is 
a metric connect ion (see [S] for more details). In order to choose 0, recall that there 
is a natural Lie algebroid structure on T(E) whose Lie bracket is given by: 

< ex, e 2 >= Vp( ei) e 2 - V p(e2 )ei - [ei, e 2 ] - «(ei, e 2 ), 

for every ex, e 2 G T(E). Thus we have the following relation: 

[p(ei), p(e 2 )] = p < e 1: e 2 >= p(V p ( ei) e 2 - V p(e2 )ei)) + p(-[ei, e 2 ] - «(ei, e 2 )). 

For every ex, e 2 G r(£J), we define B(ex, «(e 2 , •)) G r(£J) by 

B(B(e 2 , n{e x , •)), e 3 ) = S(e 2 , «(ei, e 3 )). 

Because «(e, •) = 0, for Ve G A;erp, we have -B(ei, K(e 2 , ■)) G r((kerp) ± ), then 
p o B(ex, «(e 2 , ■)) = 0. 

From the discussion above and the conditions (a) and (6) of Proposition 12.41 we 
see that (3 could be defined by the skew-symmetric part of —[ex, e 2 ] — n{ex, e 2 ): 

(3 = -[ex, e 2 ] g - n(ex, e 2 ) + -B(e 2 , K(e 1( •)) - -B(ei, /c(e 2 , •)), 
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which satisfies the conditions of Proposition 12.4} and the pre-Dorfman bracket on E 
is given by: 

d o e 2 = Vp( ei) e 2 - V p(e2 )ei - [d, e 2 ] + -B(Vei, e 2 ) - n(e x , e 2 ) + 5(e 2 , «;(ei, ■)) - B{e x , «(e 2 , •))> ( 4 ) 

where 5(Vei, e 2 ) G r(i?) is defined by £>(£>(Vei, e 2 ), e 3 ) = B(V p ( e3 )ei, e 2 ), for every 
ei,e 2 ,e 3 G With the use of Lie bracket <•,•>, the above formula can be 

writen as: 

ei o e 2 =< e x , e 2 > +B(e 2 , K(e x , •)) - 5 ( e i> K ( e 2, 0) + 5 (Vei, e 2 ). 

Now we prove that the pre-Courant algebroid we get above is a twisted Courant 
algebroid. Recall that B(e 2 , /c(ei, •)), 5(ei, «(e 2 , •)) and _B(Vei,e 2 ) are sections of 
subbundle (kerp)- 1 - = p*T*M(E* and identified by £(•,•)) and the spaces of 
sections of Kerp and ker/r 1 are two-sided ideals of T(E), w.r.t. the Lie bracket 
< •, • > on T(E). So the operator o induces a Lie bracket on sections of the bundle 
E/(ker p) -1 . According to Proposition [231 E is therefore a twisted- Courant algebroid. 
■ 

Remark 3.4. According to Theorem \2. 6 A the Pontryagin class V of E is a section 
of A 4 E. On the other hand, the Cartan connection gives a bisection between T(E) 
and P— invariant vector fields on Q, so V could be seen as a P— invariant vertical 
4— form on Q , and the formula T*V = in Theorem \2. 6 A is equivalent to say that V 
is a closed 4— form on Q . We will see that it is actually the first Pontryagin class of 
the quadratic Lie algebroid E/(ker p) L . 

Remark 3.5. It is easy to see that when the first Pontryagin class of the coisotropic 
Cartan geometry is zero, we can find a 3-form to twisted the bracket in [^] to get a 
Courant algebroid. The 3-form is unique up to an element in H 3 (M). See fT^ for 
more details. 

As an application of Theorem 13.2} we consider parabolic geometry which is 
coisotropic Cartan geometry obviously. Following the computation in [T], the Ja- 
cobiator of the twisted Courant algebroid given by Theorem 13.21 associated to a 
parabolic geometry (jr : Q — > M,u,G/P) is: 



J(ei,e 2 ,e 3 ) 



[ei, B(e 3 , n(e 2 , •)) - B(e 2 , «(e 3 , -))] B + .B^, n(e 2 , «(ei, •))) 
S(e 2 ,K(e 3 ,K(e 1 ,-))) + c.p., 



(5) 



where e x , e 2 , e 3 G T(E — Q Xp q). 



On the other hand, according to Proposition ^. 3[ for a transitive twisted Courant 
algebroid, J(e, •, •) = 0, for every e G ker p = Q x P p, so we get a new result about 
the Cartan curvature in the following corollary: 



S 



Corollary 3.6. For every parabolic geometry the following formula holds 

[ei, B(e 3 , K(e 2 , •)) - B(e 2 , /c(e 3 , -))] fl - [ e 3, B{e Xl /c(e 2> -))] g 

+ [e 2 , B(e u «(e 3 , -))] B + £(ei, «;(e 2 , «(e 3 , •)) - «(e 3 , «(e 2 , •))) ( 6 ) 

= 

for every e x G r(£? x P p), e 2 ,e 3 G r(£ x P g). 
Especially, 

[ei, S(e 2 , re(e 3 , -))] B = [e 2 , S(ei, Ac(e 3> -))]g> ( 7 ) 
/or every ei,e 2 G r(£ x P p), e 3 G r(£? x P g). 

Formula (J7J) shows an important compatibility relation between the Cartan cur- 
vature of a parabolic geometry and the Lie algebra pair (g, p) of its flat model. 

To get further insight into the connection between parabolic geometry and the 
twisted Courant algebroid associated to it, we consider the Weyl structure of a 
parabolic geometry. Let (jr : Q — > M, u, G/P) be a parabolic geometry and q have 
the grading $j = g_; + • • • + g_i + go + fli + • • • + Qi corresponding to the parabolic 
subalgebra p. We can form an underlying principal Go - bundle n : Q — > M by 
forming the quotient Qq := Q/P+, where P + is the nilpotent normal subgroup of P 
with Lie algebra p 1 - and G is the Lie subgroup of P with Lie algebra g . We denote 
the quotient projection from Q to Go by 7r . 

Definition 3.7. [7] Let (it : Q — > M,u,G/P) be a parabolic geometry. A global 
Weyl structure for Q is a global smooth G —equivariant section a : Q — > Q of the 
quotient projection n . 

Proposition 3.8 (|7j). There exists a global Weyl structure for every parabolic ge- 
ometry. 

A Weyl structure is an important aspect of parabolic geometry, see [7j for more 
details. We give the connections between the Weyl structure of a parabolic geom- 
etry with the twisted Courant algebroid associated to it. Firstly, recall that for 
any twisted Courant algebroid, the quotient bundle E/(ker p) 1 - has a natural Lie 
algebroid structure, called ample Lie algebroid of E, see [H] for the details. 

Proposition 3.9. The Atiyah algebroid TQ /Gq is isomorphic to Lie algebroid 
E/ikerp)- 1 , where E = QxpQ is the twisted Courant algebroid given by Theorem 

Proof. Recall that any e G T(E) corresponds to a P— invariant vector field e on 
Q, it is easy to see the quotient projection 7r induces a bundle map $ from E to 
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TQq/Gq by e — > 7i"o*(e) , and the kernel of this map is just Q x P p + = (kerp)^. 
So the bundle map induces a bundle isomorphism $' from E/(kerp) ± to TQq/Gq. 
On the other hand, when we consider the Lie algebra structure from the proof of 
Proposition 13.31 and Theorem 13.21 we note that the bundle map $' is actually a Lie 
algebroid isomorphism. ■ 

Remark 3.10. Suppose E is the twisted Courant algebroid associated to a coisotropic 
Cartan geometry, thus E/(ker p) ± is just the Atiyah algbroid of the principal bundle 
7i : Q I P + — > M, where P + is the nilpotent normal subgroup of P with Lie alge- 
bra p- 1 . Following fTfif . the Courant structure of E could be realized by a reduction 
from the exact Courant algebroid TQ © T*Q . Further, it could also be realized by 
a reduction from the twisted action algebroid (see [L~$ ) on TQ @T*Q associated 
with the Cartan geometry (n : Q — > M,uj,G/P). See XW§ for more details about 
the exact realizations of (pre-)Courant algebroids. 

Recall that for a twisted Courant algebroid (E, (■,■), o, p, H) on M, the first 
Pontryagin class H G Q 4 (M) of the quadratic Lie algebroid E/(ker p) 1 - is given by 

p*H(ex, e 2 , e 3 , e 4 ) = (J (ei, e 2 , e 3 ), e 4 ) . 

So equation (jSJ) and Proposition 13.91 give a formula for the first Pontryagin class of 
the principal Go— bundle Qq on M in terms of the Cartan curvature. 

Corollary 3.11. Let (n : Q — > M,u,G/P) be a parabolic geometry with Cartan 
curvature K. Then the first Pontryagin class H G Q A (M) of the principal Gq— bundle 
Go on M is given by 

n*H(e x , e 2 , e 3 , e 4 ) = - B([e u B(e 3 , «(e 2 , e 4 )) - B(e 2 , /c(e 3 , ei))] , e 4 ) 

+ .6(63, «(e2, «(ei, e 4 ))) - B(e 2 , «(e 3 , «(ei, e 4 ))) (8) 
+ c.p., 

where e±, e 2 , e3, e 4 are rio/i^ invariant vector fields on TQ. 

Proposition 3.12. If S(/c(ei, e 2 ), 63) z's skew-symmetric for every ei,e 2 ,e3 G 
i/ien i/ie /irst Pontryagin class H G f2 4 (M) 0/ i/ie principal Gq— bundle Go vanishes. 

Proof. It is easy to see, with the same strategy as in the Theorem 13.2^ the following 
equality defines a pre-Courant structure (Ei,p,g, o): 

ei o e 2 = V p ( ei )e 2 - V p(e2 )ei + S(Vei, e 2 ) - [e 1; e 2 ] g - K(e x , e 2 ). 

Using the same computation as in pQ, we see 

ei o (e 2 o e 3 ) - (ei o e 2 ) o e 3 - e 2 o (e x o e 2 ) = 0, 
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that is to say (Ei, p, B(-, ■), o) is a Courant algebroid. By Proposition 13.91 the 
quadratic Lie algebroid associated to E x is isomorphic to the Atiyah algebroid 
TQq/Gq. On the other hand, the Pontryagin class of the ample Lie algebroid of 
a Courant algebroid is always zero (see [!],[§]). So we obtain that the first Pontrya- 
gin class of the principal Go— bundle Qq is zero. ■ 

Corollary 13.111 gives the first Pontryagin class of the important principal bundle 
associated to a parabolic geometry in terms of the Cartan curvature. In the case 
of a homogeneous space, the first Pontryagin class of the corresponding principal 
bundle vanishes. 

4 Lie 2-algebras associated to coisotropic Cartan 
geometries 

Following [T7] and [2] , Lie 2-algebra arises naturally as the underlying algebra 
structure of a (pre-) Courant algebroid E, it encodes the Dorfman bracket and anchor 
operator on the Z 2 — graded space given by cotangent bundle of base manifold and 
the Courant bundle E. Now, following the last section, for any coisotropic Cartan 
geometry (n : Q — > M,u,G/P) ,we have a twisted Courant algebroid on the 
tractor bundle E = QxpQ, so we can get Lie 2-algebra structure on the graded 
space (Q l (M),E) naturally. 

Firstly, for any (pre-)Courant algebroid (E, (•, •) , , p, o), let us recall the Lie 2- 
algebra construction procedure below. Define the skew-symmetric bracket: 

[ei, e 2 ] = -(ei o e 2 - e 2 o e x ) = ei oe 2 -^V (e u e 2 ) + . (9) 

Denote by J : A 3 T(E) — > T(E) its Jacobiator: 

J(e u e 2 , e 3 ) = [ei, [e 2 , e 3 ]J + c.p. 
By means of [17, Proposition 2.6.5], we have 

J(e 1 ,e 2 ,e 3 ) = J(e 1 ,e 2 ,e 3 ) - VT(e 1 ,e 2 ,e 3 ), 
where T(ei, e 2 , e 3 ) is given by 

T{e u e 2 ,e 3 ) = ^(([ei,e 2 ] ,e 3 ) + + c.p.). 
Now we define a 2-term complex as follows: 

8 : Q\M) A V(E). (10) 
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Define degree-0 operation l 2 : A 2 £ — > £ by 

j l 2 (e 1 ,e 2 ) = [ei,e 2 ] in degree-0, V e u e 2 G T(E) 

\ l 2 (ei,K) = [ei,K] in degree-1, V d G r(£),/t G ft 1 (M). 1 j 

Define degree-1 operator Z 3 : A 3 £ — >■ £ by 

h{ei,e 2 ,e 3 ) = J{e 1 ,e 2 ,e 3 ), in degree-0, V e lt e 2 , e 3 G T(E). (12) 

Proposition 4.1. [Tffi For a twisted Courant algebroid E, (£,l 2 ,l 3 ) is a Lie 2- 
algebra, where £,l 2 ,l 3 are given by (TT01 . (TTTT) . (Till) respectively. 

So eventually for any coistropic Cartan geomtry (7r : — ^ M,ou, G/P), we get 
a 2-term complex as follows: 

£:n 1 {M)-^T{E = gXpQ). (13) 
Define a degree-0 operation / 2 : A 2 £ — > £ by 

k(ei, e 2 ) = V p ( ei )e 2 - V p ( e2 )ei - [ei, e 2 ] g - «(ei, e 2 ) + 5(e 2 , «(ei, ■)) - £(ei, «(e 2 , ■)) 
+-S(Vei,e 2 )--S(Ve 2 ,e 1 ). 

Define degree-1 operator l 3 : A 3 £ — ► £ by 

^(ei,e 2 ,e 3 ) 

= -[ei, B(e 3 , «(e 2 , ■)) - 5 ( e 2, «(e 3 , -))]g + S ( e 3; K ( e 2; K ( e i> •))) - «(e 3 , «(ei, ■))) 
-^{|( 5 ( v p( e i) e 2, e 3 ) - S(Vp(ea)ei, e 3 ) + | J B(V p(e3 )ei, e 2 ) - | J B(V p{e3 )e 2 , e x )) 
+ i(B([ei, e 2 ] , e 3 ) - S(«(ei, e 2 ), e 3 ) + 5(e 2 , «(ei, e 3 )) - B(e u «(e 2 , e 3 )))} + c.p.. 

(14) 

Corollary 4.2. (5 , l 2 , l 3 ) is a Lie 2-algebra, where £, l 2 , l 3 are given by the equations 
above. 



5 Further Outlook 

In this very first step, we combine the Courant algebroid with the coisotropic Cartan 
geometry. We see that coisotropic Cartan geometries are abundance sources of 
twisted Courant algebroids. One the other hand, the tool developed in Courant 
algebroid is used to get new results about coisotropic Cartan geometry. 

In order to obtain more insight into parabolic geometry or coisotropic Cartan 
geometry from the view of mathematical physics, a reasonable way is to combine 
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topological field theory with it. This is based on the fact that 3D AKSZ sigma models 
with background one-to-one correspond to twisted Courant algebroids, see [13] and 
[TS] . By bulk-boundary corresponding, this is equivalent to a 4D AKSZ sigma 
model with boundary. Now in the case of target space with a coisotropic Cartan 
structure, we apply exactly the same methods to the twisted Courant algebroids 
from coisotropic geometry, then we get a topological field theory associated to any 
coisotropic Cartan structure where we have a 4-from background on target given by 
the first Pontryagin class. In a local chart, the classical action functional is given 
explicitly by a formula involving the Lie algebra, Killing form and Cartan curvature. 
Even in the case of homogeneous space, this sigma model generalizing Chern-Simons 
theory remains to be understood. It is naive to hope that the 3D AKSZ sigma model 
will open a new door to coisotropic Cartan geometries. 

References 

[1] S.Armstrong: Note on pre-Courant algebroid structures for parabolic geome- 
tries, arXiv:0709.0919v3. 

[2] S.Armstrong, R.-M. Lu:Courant algebroids in parabolic geometry, 
arXiv:1112.6425v3. 

[3] D.Li-Bland and E.Meinrenken: Courant algebroids and Poisson geometry, 
Int.Math.Res.Not.IMRN 2009,no.ll, pp.2106-2145. 

[4] P. Bressler: The first Pontryagin class, Compos. Math. 143 (2007), no 5, 
pp.1127-1163. 

[5] A. Cap and A. R. Gover: Tractor calculi for parabolic geometries, Trans. Amer. 
Math. Soc. 354(4):pp.l511-1548 (2002). 

[6] A. Cap and H. Schichl: Parabolic geometries and canonical Cartan connections, 
Hokkaido Math. J. 29(3):pp.453-505 (2000). 

[7] A. Cap and J. Slovak: Parabolic geometry. I Background and General Theorey, 
Mathematical Surveys and Monographs, vol. 154, American Mathematical 
Society, Providence, RI, 2009. 

[8] Z. Chen, M. Stienon and P. Xu: On regular Courant algebroids, 
arXiv:0909.0319v3. 

[9] J. Dixmier: Polarisations dans les algebres de Lie, II, Bull. Soc. math. France 
104 (1976), 145-164. 



13 



[10] M. Gualtieri: Generalized complex geometry, Ann. of Math. (2) 174 (2011), no. 
1, 75-123. 

[11] N. Ikeda and X.-M. Xu: Canonical Functions in Graded Symplectic Geometries 
and AKSZ Sigma Models., arXiv:1301.4805. 

[12] M. Grutzmann: H-twisted Courant algebroids, arXiv:1101.0993. 

[13] M. Hansen and T. Strobl: First Class Constrained Systems and Twisting of 
Courant Algebroids by a Closed 4-form, in Memorial of W. Kummer, Vienna 
2009, arXiv:0904.0711vl. 

[14] Z.-J. Liu, Y.-H. Sheng and X.-M. Xu: Pre- Courant Algebroids and Associated 
Lie 2- Algebras, arXiv:1205.5898vl. 

[15] Z.-J. Liu, A. Weinstein and P. Xu: Manin triples for Lie bialgebroids, J. Diff. 
Geom. 45 (1997), pp.547-574. 

[16] Z.-J. Liu and X.-M. Xu: Exact realizations of transitive (pre-)Courant alge- 
broids, final preparations. 

[17] D. Roytenberg, Courant algebroids and strongly homotopy Lie algebras, Lett. 
Math. Phys., 46 (1) (1998), 81-93. 

[18] D. Roytenberg. AKSZ-BV Formalism and Courant Algebroid-induced Topo- 
logical Field Theories. Lett. Math. Phys., 79: 143-159, 2007. 

[19] P. Severa and A. Weinstein: Poisson geometry with a 3-form background, Prog. 
Theor. Phys. Suppl. 144 (2001), pp. 145-154. 

[20] Y. Sheng, Z. Liu: Leibniz 2-algebras and twisted Courant algebroids, 
arXiv:1012.5515v3. 

[21] I.Vaisman: Transitive Courant algebroids, Int. J. Math. Math. Sci. (2005), no. 11, 
pp. 1737-1758. 



14 



